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弾性波による構造物調査における数学的貢献について

On the mathematical contribution in the structure investigation by 
the elastic wave 
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あらまし：弾性波を用いて構造物や空洞などの地下資源の探査を行う際に様々な角度からの数学的な貢献が

考えられる．特に，弾性波は速さの異なる波が発生し，地球が等方性の弾性体と仮定するといわゆるP波と S波

とよばれる 2つの波が発生する．本講演では，散乱理論を用いて構造物の凸包を再構成する数学的な手法を紹介

するとともに，弾性波特有のモードの変換とよばれる入射波と反射波の速さが異なる場合の新たな数学的な結

果を地下資源探査に応用する方法を提案する．

Abstract:When we analyze the reflection pheno皿 enonfor the elastic wave, the one of the most compli-

cated and interesting problems is to study the mode conversion case. For the elastic wave, there are wav＇田 of

different modes and a remarkable phenomenon called ”mode』conversion”whichcauses serious difficulties. In 

this paper, by considering the non back-scattering case, we examine the singularities of the scattering kernel 

for the elastic wave equation with transverse incident wav田 andderive a new result about the singularities 

of the scattering kernel. 

キーワード：散乱理論，弾性方程式，特異性，モード変換， P－波， S－波．

Key words: scattering theory, elastic wave, singularities, modEトconversion,P-wave, S-wave. 

1 Introduction 

Let n be a且 exteriordo皿 ainin R 3 with smooth 

and compact boundaη. We consider the isotropic 

elastic wave equation with the Dirichlet boundary 

condition 

in R×n, （ （勾山）＝ 0
u(t,x)=O 

u(O,x) = fi(x） θtU(O,x) = fz(x) 

on R×θn, 

onn, 
(1.1) 
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where u(t, x) = t（包1,Uz，包3) and fi(x) = 

t（ん，fiz,fi3)(i = 1, 2). Recall that L has the fol-

lowing form: 

L＝乞句θ＇x;ax；’

where αij are 3×3皿 atric田 ofwhich (p, q)-entry is 

expressed byαipjq・ We say that the elastic皿ediu皿

n is isotropic, ifαipjq is given by 

αipjq ＝入OipOjq+ μ(oijOpq + oiqOjp), 



where入， μareLame’S const姐 tssatisfying the fol-
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Under the assu皿 ptionthat the elastic medium 

n is isotropic, Yamamoto [13］姐dShibata-Soga [8] 

have for皿ulateda scattering theoηr which is analか

gous to the theory of Lax-Phillips [5]. Let k_(s,w) 

and k+(s,w）εL2(R×82) denote the inco出 ng

and outgoing translation repr田 entationsof an i凶駒

tial data f =t (!1, h) respectively ( see [5]). Recall 

that the scattering operator S is the mapping 

S : k_(s,w） ←→ k+(s,w). 

The scattering operator S admits a representation: 

(Sk_)(s, 0) = f Lxs2 S(s ムO,w山 ω附

with a distribution kernel S(s,O,w) called the sc抗－

tering kernel. M吋da[6] has obtained a representa-

ti on formula of the scattering kernel S ( s, (}, w) for the 

scalar-valued c出 e.This representation for皿叫ais 

veηr effective to investigate inverse scattering prob-

lems (cf. M吋da［司， Soga[9], Petkov [7]). For the 

elastic case, Soga [1同andKawashita [3] have dか

rived a representation formula of the scattering ker-

nel. 

The characteristic matrix L（と） of the oper抗or

L（弘） has the eigenvalues C[ Iと12and c~1~12, where 

C1 = （入＋ 2µ）~＇ C2 = µ~. 

Let Pi（と） be the eigenprojector associated to the 

eigenvalues Crl~l2(i = 1, 2), where 

P1 〔と）＝と©~， 九（と）＝ I-P1 （~）.

ThenP1（と）R3is the space spaned by~，加d 九（と）R3

is the orthogonal complement of P1 （と）R3.Associ-

ated with the eigenvalues C[l~l2(i = 1, 2), there are 
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waves of two different typ田（modes).The O配 prop-

agat田 withthe speed C1, and the other with C2・

Furthermore their amplitudes are longitudinal and 

transverse to the propagation direction respectively, 

and therefore these waves are called longitudinal 

and transverse waves respectively. For elastic waves 

there is a remarkable phenomenon called ”mod€ト

co町 ・ersionぺthatis, when longitudinal or transverse 

incident wave hits the boundary an, both longitu-

dinal reflected wave and transverse reflected wave 

appear. This phenomenon causes serious diffic叫ti回

in the analysis of singularities of the scattering ker-

nel for the elastic wave equation. 

In view of results concerni時皿ode-conversion(cf. 

Chapter 5 of Achenbach [1] and Theorem 2.1 of Soga 

[12]), we can expect that corresponding phenomenon 

occurs for the scattering kernel S(s, (}, w), because 

in the邸 ymptoticsense the kernel Pi ( 0) S (Ci－~（｝ ・

x -t,O,w)Pz(w) expr田 sesthe Ci-mode compone叫

of the scattered wave in the direction (} for the Ci-

mode incident plane wave in the direction w. In the 

back-scattering c回 e(i.e (} ＝一w),by Soga [10, 11] 

we can obtain results of the same type部恒 Majda

[6]. Moreover, in Kawashita-Soga [4], they have d令

rived sa皿 eresults in the mode-conversion case. In 

Ota [14], by considering the non back scattering case 

(i.e。ヂw),we have the following results : 

Theorem 1.1. Let w, （｝ ε82. Assurr 

is dijjeri巴ntfrom zeroαηd suj芦cientlysmαll，αnd 

nii(O,w) is αregulαT direction forθn. Then we hαve 

(i) supp[Pi(O)S(・,O,w)P1(w)] c (-oo,-ril(O,w)J 

(i = 1, 2) 

(ii) Pi(O)S(s,O,w)P1(w)is sing1山T(r叫 coo)

αt s = ri1(0,w)(i = 1, 2). 

12 



In Ota [14], we have derived組 asymptoticex-

pai:tsion of the scattering kernel in the non back 

scattering C出 e(cf. Soga [11]). In this paper, by 

mea田 ofthis expansion, we inv＇田tigatethe singu-

lariti田 ofPi(O)S(s,O,w）乃（w) and shall show that 

the leading term of this asymptotic expansion of 

P_i(O)S(s,O,w）乃（w)don’t vanish. 

2 恥1ainresults 
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which mea田 thatthere exists an integer m and a 

C00 functionψ（s) withψ（so）ヂ 0such that for e刊 ry

integer N ~ 0 

ψ（s){f(s）一Uo(s)＋・・・＋ fN(s））｝ εHrn+N(R). 

Then we have 

Theorem 2.1. Let w, （） ε82. Assume thαt IO+ wl 

is different from zero and sufficiently small, and 

niz(O, w〕ぬ a問gulardirection j or an. Then we hav巴

Before giving the main results in the pr田 entpa- Pi(O)S(s,O,w)P1(w) is singular {not C00) at 

per, according to Ota [14], we give several definitio出

for stating those. 

We set riz(O,w) ：＝凶nxE80x ・ nil ( (), w), where 

問1(0,w) ：＝一（ci-10-c1-1w). Next, we de-

note the first hitting points抗 δQby Niz(O,w) := 

s=-ri1(B,w) (i=l,2). 

3 Asymptotic expansion of the 

scattering kernel 

{x;nil(O,w) ・ x ＝叩（O,w)}nδn. Furthermore, we In order to exa皿 ine the singularities of 

arbitrarily pick a pointαtε Nil(O,w) and choose a Pi(O)S(s, O,w)Pz(w), it is useful to know the出 ymp-

system of orthogonal local coordinates Y = (y', YJ), totic behavior of the scattering kernel. In this sec-

with y’＝ (yi, Y2), in R3 such that加＝ (Ti! ( (), w) - tion we shall derive an出 ymptoticexpansion of the 

nil(O,w) ・ x)lnil(O,w)l-1, and that y = 0 expr田 S出 SC叫teringkernel which plays組問sentialrole in the 

the reference point αt・ Then n is represented by proof of Theorem 2.1. 

YJ ＞ψ（y') in a neighborhood U ofαt, where ψ（ダ） is 

a C00 function defined in a neighborhood of y' = 0. 

If the Hessian matrix Hψ（ダ） ofψ（y') is neg抗ive

definite at y' = 0 for eveηr such picked point, we say 

that nij ( (), w) is a regular direction for θn, which 

does not depend on the choice of the coordinates 

y = (y',y3). If nil(O,w) is a re伊 lardirection, the 

set Nil ( (), w) consists of a finite number of isolated 

points. 

For a distribution J(s) on R we use the notation 

f(s）～fo(s) + fi(s) ＋・．． at so, 

13 

In order to derive 阻 expa田 ion of 

Pi(O)S(s,O,w)Pz(w), we review some results in [11]. 

Let vz(t, x; w) be the solution of the following bound-

ary value proble皿：

（ね） (t ;w) = 0 i R n 
vz(t,x;w) = (2V2π）－2c1-2c5(t-C/1w ・ x)Pz(w) 

on R×δQ 

vz(t,x;w) = 0 fort< c1-1r(w) 

where r(w) ＝皿inx ・ w. Namely vz(t,x;w) is the 
zεθQ 

scattered wave for the incident wave 

(2J27r)-2C1－ ~c5(t -C1-1w・x)Pz(w）・ (3.2) 
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The scattering kernel is represented by means of Proof. Combining Theorem 2.1 in Soga [11] and 

v1(t,x;w): Theorem 1.1 in [12], we can derive the above剖 ymp-

S(s,8,w) 

=) ~ c：汁~Pi(O）（θtNVj)(Ci-l（｝ ・x s,x;w) 
i-:;:;;;1 JθQ、

一々 1Pi(o)t(N(O・x））（れ）（々 18-x-s,x;w)}dBx 

(3.3) 

3 

where N ＝乞 αifViθx;and v = （ν1, v2, v3) is the 
i,J=l 

unit outer normal to n. 

By the Ha皿 ilton-Jacobimethod we have a real-

valued c= function <p7(x)(k, l = 1, 2) satisちring

IV<f'7(x)I ＝よ担nn孔
lJk 

<p7(x) ＝言w・x onδnnuε， (3.4) 
!'.),_k 

安（x)< 0 onθnn孔

where u€ = {x; I向1(8,w)・ x -ri1(8,w)I < E} with a 

small E > 0. 

We set 

内（t)~ ｛戸）！
ρj(t) ＝ρ；+l(t) 

Let us note that 

ρ。（t)= 8(t) ' 

fort> 0 

fort< 0 

whenj = 1,2,・・・, 

when j = 0, -1, ・ 

pj+l(t) = Pi(t) for any integer j. 

Lemma 3.1. Assume that there existsαsufficiently 

small 8 > 0 such thαt IVψ7 tan I < 8. Then the solu-

tion vi of (3.1）αdmits the followingαsyr叩 toticex-

pαnszon for tεR sufficiently close to Tij(O,w) 

v1(t,x;w） ～ 2:~ン＇j(t -<pr (x））吟（x), (3.5) 
k=lj?_O 

totic expansion in this c出 e. 口

Let v1(t,x;w) be the solution of (3.1). Then 

U ＝句P1(w)satisfies the equation （勾－L)u = 0 in 

R×Q 組 dveriちringthe sa皿eboundary condition 

出りt・ Hence,by the uniqueness of the solutions, 

we obtain that v1(t,x;w) = v1(t,x;w)Pi(w). Morか

over co皿biningthe representation of the scattering 

kernel (3.3) and the asymptotic expansion (3.5), we 

have 

Pi(O)S(s, 8, w)Pi(w) 

～三二G ~12: －ρ＇i i(-s-ni1(8,w) ・x) 
k=l U>-1 ~ u" 

×Pi(O）乞 α・pqVp(x）｛（一色q<p7(x））吟+l(x)
p,q=l 

＋θxq ut(x)}P1(w)dSx 

-ci-1 ~far/i 式－s nル〕前例

土1tapqvp(x)Oqut(x) 

(3.6) 

For a re伊 lar direction nil ( (}, w) we have 

ぬ （8,w)= ｛α1,・・・ ,aM}・ By using a p副 itionof 

unity, it is enough to examine the terms whose inte-

grands are supported on a small neighborhood of the 

reference point αtε Nil(O,w). Then we C組 rewrite

the above integrals (3.6）邸玄と1It(O,w). Since the 

analysis of above integrals near each point αt is same 

, it is SU血cientto study the leading term in It(O,w) 

for only oneαt, where we may assu皿 eαt= 0. 

We take組 orthonor立叫仕ame{pi,p2,p3} where 

p3 = -ni1(8, w)I叫 l( （｝，吋

whe陀 ut(x）αresome c= functions defined in finUE ordinate system y = (Y1, Y2, y3) such that x = Y1P1 + 

α吋 V<p7 tan denotes the tαngentiαl pαrt toθQ of Y2P2+y3p3・Letus denote by T the 3×3 orthogonal 

Vψ7 ・ matrix T = ( tpq) such th抗 T(ei)= Pi(j = 1,2,3), 

14 



where { e1, e2, e3} is the canonical basis加 R3.Then 

θQ is repr田 entedby y3 ＝ψ（y’） ne訂 0.Since the 

equation is isotropic, we have the following result. 

Lemma 3.2. Assume that the elastic medium n is 

isotropic, then we have 

TL(tT~）tT = L（と） αndT乞 αpqlr内 tT＝寸

p,q=l 

Proof. By the isotropici町 ofthe equation, 

TL(tT~）tT = T｛（入 ＋µ）tT~⑧tT~+ µIT~l2 I}tT = 
3 

（入＋ μ）仰い µl~l2I ＝玄 αrs~r~s·

On the other hand, a direct co皿putationshows 

3 

2二 tima
p,q,m,n=l 

＝入bribsj+ μ( brsムj+ brjbsi) ＝αrisj・

Thus the proof is co皿plete. 口

By Lemma 3.2組 d組 e出 ycomputation, we have 

the following identities: 

L（θy)uly=•Tx = tTL（θx)Tu(tTx) for any zεn, 

(3.7) 
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where 民＝｛ν；｜向l( （｝，φ）・y Tit(B，φ）｜＜ ε｝ with a 

small E > 0. 

Since Pz(w) = TPz（φ）tT, Pi(B) = TPi(B)tT, by 

Lemma 3ムIt( (}, w) takes the following form: 

さf
×（主1～q均

一々 1孟t匂q句（Ty)

＋妄1／ρj

舌σ2ん2ρ一

×r{ Pi（伯古川qsT}

×ν；（y）（ δYs cp~ （y)) 

－刊行乞 t…帆）ι）
， 

(R官匂）（tTx)= tTNxTu(tTx) for any zεθn, 
×｛tT伶（Ty)T｝β一2（的，）Pi（φ）tTdy

(3.8) 

where Nx ＝乞 αp尚弘q>NY 乞 α•pqV；θYq
pq=l pq=l 

and 〆（ν）=trν（Ty). Then仕0皿（3.7),it follows 

that vi(t, y；φ） := trv1(t,Ty;w)T satisfies the same 

boundary value problem (3.1) inn= trn where w 

is replaced by 必＝tTw. Moreover vi(t, y；φ） ad凶 ts

the following出 ymptoticexpansion: 

vi(t,y;w）～乞2:Pi(t -<P7(y））吟（y). (3.9) 
k=lj';::O 

Here 叫；（y)：＝引も（Ty)Tand φ~（y) ：＝ ψ~ （Ty) 

which satisfies 

l'V付（ν）｜

φ~ （ν）｜官a＝ψ（ダ）

1 

ck 
1 -

＝フ；－w・y
tノt

θ必F
否j(Y)lya＝ψ（y’） < 0 

inn nuム

onθQ n U引

onθQ nu€, 

(3.10) 
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+ i~lf Pi 

＝主Ci－ ~ ム ρ一

×T[Piぺ主ω ）～れy 

， 
×/3j(y')dy 

） ） 

一々 1主Mν）ι）伶九（y）ιz(y'

＋玉f向（一s+ lni!州 ψ（y＇）一Ti!川角仰

where /Ji (y') are some C00 functions supported near 

u’＝0姐 dβ－2(0)= 1. 

Since nil ( (}, w) is a regular direction, by the Morse 

lem皿 awe can take a new syste皿 oflocal coordinates 



ダso th向’＝ Orne幽 y'= 0阻 dth抗

州 （y'))＝ーか12,

θu’ detっ（0)= K（αt）一吉．
8y 

We can determine the ph出 e functions 吋

and the amplitudes 協 by the metho出 in

Kawashita [2]. Applying the Taylor expansions to 

v*(i}), V吋(i})ly3＝ψ（れ，協(i})ly3＝ψ（y＇’）：

ν＊（y) = lni1(8，φ）j-1nil(o，φ）＋ ・・・，

c1-1 t（φI，φ2, K,kl) + ・・・，
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Lemma 6.4 in Soga [11], we show that the leading 

term of (3.11) is the following form: 

(2v'2π）－2ci－~ c1－~ lnil(o, w)j-20<1)(-s -ri1(B, w)) 

×K（向）－21s11

×T[Pi（悩さいq仇）+ tα3q仇）｝

＋句3（仇＋可1ゆ0P1（φ）］tr. 

Su皿皿ingover all pointsαt, we arrive at the follow-
V<Pt(y)jy3＝ψ（y’） 

伶（長）｜ω＝ψ（わ
呈 ・ g proposit"on 

(2v'2π）－201－~ PL,011（φ） ＋ ・・・

where y = （向仏 K,kl ＝ φ~ ＋ c[ -c;;2-1 

and (V吋｜ω＝ψ（グ） ・Vぽ｜ω＝ψ（グ））－1・ v吋｜ω＝ψ（グ）R

V好｜ぬ＝ψ（ii')=Pf,o+O(jy'I) and I一（V吋｜ぬ＝ψ（ii'). 

V好ly3＝ψ（ii'))-1. v吋｜ω＝ψ（ii＇）⑧ V好｜ω＝ψ（吾’）＝

勾，o+ O(jy’I). We can rewrite the integrals It(O,w) 

in the following way: 

(2v'2π） 2ci－ ~c1－~ 

×L2ρ一2（十｜ηil

×い討ささαpqnil(0，めp(-c1-1wq)

＋乞αp向 （B,w)p(-c1-1K.k1) 
p=l 

十玄 tαp内（い）p( ci－苅）｝
p,q=l ) 

×｜川（幻）「1Fk oil（φ 

tTK（αt)-~ f3-2 (y')dy＇’ 

+ L /_2 Pi( s lnil(O，φ）llY'l2 ;2 
J+I白｜三一1~ 品

一ril（い））々 （y')y'ady'' 

(3.11) 

whereβ＇j（ダ） are some 000 functions supported near 

u’＝ 0 and β2(0) = 1. By using Lemma 6.3 and 

16 

Proposition 3.3. Let w, （） ε82. Assume thαt 

j8+wl is svfficiently smαll, and nil ( (), w) is a regulαT 

direction forθn. Then we hαve 

Pi(O)S(s, 8, w)P1(w) 

～（2v'27r)-2Ci－~ C河川（い）j-2J(l)( S Til（い））

M 

xLK（αt）ーさ1s11
t=l 

x T [Pi(B）討さいq(c1-1wq)+ tα3q(ci-1oq)} 

＋句3

十一－，

where T = (tpq) is 3×3 orthogonal mαtrix and 

x = Ty，φ ＝ tTw, 0 = tT（） αηd (V吋ly3＝ψ（グ）－

V好｜ω＝ψ（iiサ－1.v針｜ω＝ψ（ii’）⑧ V好｜ω＝ψ（ダ）＝

月，0+0(jy'I)and I －（マ吋｜ω＝ψ（グrV好｜ぬ＝ψ(ii'))-1. 

Vφ｝｜ぬ＝ψ（ii')RV好ly3＝ψ（ii＇）＝考， o+O(I引）．

4 Proof of Theorem 2.1 

Proof of Theorem 2.1. Note that P1（と）＝ご＠乙

乃（と） = Iーと⑧fand each Ff，。九（w)(k= 1, 2) 



takes the following form: 

P1（φ） := j五九九（φ）

I W1W~ 
= 2／瓦（φ）｜ φ2φ1φ3

φ1φ2w5 
-2-2 
W2W3 

＼ κi2w1w5 κi2W2W5 

P2（φ） := Pi,0P2（φ） = 1／瓦（φ）

φilw3j(1ー φ5)¥ 
φ2lw3j(1ー φD I 
えdw3j(1一心5)J 

(A（φ）一φiz＋ 一φ1φ2Z＋向｜向jz_ ¥ 

×｜－φ2φiz＋瓦（φ）一 φ~z＋ φ2 ！向jz_ I 
＼ーφ3φiA（φ） φ3φ2A（φ）(1φ5)A（φ）／ 

where A（φ）：＝ φ？＋ φ~ ＋ φ3え山瓦（φ）：＝ φ？＋

φ~ ＋ I臼｜え12 and Z土：＝ jw3j（え12ー φ3）士 1.R争

call that ni2 ( （｝，φ）／lni2(0，φ）j = (0,0,-1), we can 
2 I 2 

rewrite Pi ( 0) 2: I 2: ｛α3q(C21φq) +tα3q( ci-1oq)} + 
k=l I q=l 

α33(C21~k1 + ci-iゐ）｜々。九（φ）in the follo相 ng

form: 

2 ( 

pi (0）乞｛（α31＋ 旬 以1+ （α32 ＋匂32）φ2
k=l I.. 

＋α33（φ3＋えk2＋α｜元i21)｝え伊
(4.1) 

Then, calc叫atingeach term in ( 4.1) more carefully, 

we can obtain 

2 f o o入＋μ ¥ 

Pi(O）玄1 o o o 1φ1九（φ）
k=l ＼入＋μ 0 0 J 

＝（入＋μ）φi{2（α③ q)＋δ⑧品3＋δ⑧品i}/A（φ），

Pi(O）乞Io o 入＋μ ｜φ2h（φ）

k=l ¥ 0 入＋μ 0 J 

＝（入＋μ）φ2{2(b⑧q)+b⑧向＋δ②品2}/A（φ），

where 
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( --(13) - -(11) - -(23）勾－（21)
α＝ (w1pi ＋κ12Pi ,w1pi ＋κ12Pi , 

ー（33) - -(31）、
W1Pi ＋κi2Pi ), 

a= t（瓦（φ）一φiz＋，－φ1φ2z＋，φii匂jz_)

b = t（φ2fi?3l ＋えi2fi~12l ， φ2P~23) + K12P~22)' 

-(33) - -(32）、
W2P包＋κi2Pi ), 

b = t （一φ2心iz+,A（φ）一 φ~z＋ ， φ2lw3jz_)

c = t（μ（φifi?1l ＋φ2fi?2)) + （入＋2μ)k12fi?3), 

μ（心ifi~21) ＋ φ2P~22））＋（入＋ 2µ）えi2fi~23l,

μ（（φifiP1l ＋ φ2P~32)) + （入＋ 2µ）えi2fi~33l),

δ＝ t（φ3φiA（心）， φ3φ2A（φ）， (1φ~）A（φ））， 

q = t （φ1φふφ2φ~ ， I匂j(l ー φ~））.

蹴 hpfq) and Pil denote (p, q)-entrγ 姐 d1th column 

of Pi ( 0) respectively, and仇2＝向2( （｝，φ）. Hence, 

applying the asymptotic expansion derived in the 

Proposition 3.3, we obtain 

Pi(O)S(s, 0, w )P2(w) 

～（2v'2π）－20；~ ci－ ~o＜り（－s-ri1 （れ））
M 

×乞K（αt）ーさjS1jTM（れ）tT＋・－， 

t=l 

where M(O，φ） is a 3×3-matrix whose (p, q)-entry 

is expressed by mpq ( (}, w). As shown above, it is 

represented in the following form: 

M(O，φ） 

2 f μ o o ¥ = i（入＋μ）φi{2（αRq)+aRお ＋c⑧Pii}

pi (0）乞 1o μ o ｜（φ3＋防十C2I匂 ！）Pk（φ） L 

¥ J + （入＋μ）φ2{2(b③ q)+ b⑧Pi3十 C⑧Pi2}
k=l ¥ 0 0 入＋2μ J 

= { 2（φ3＋え12＋α｜弘2i)(c③ q) +{ 2（φ3＋え12＋α｜九2!)(c的）

＋（φ3＋え22+ C2！弘21)（μ（函⑧品i+bR品2)

＋（入＋抑0Pi3 ｝！瓦（φ），

17 

＋（φ3＋え22+ C2I弘2！）｛μ（δ⑧品i+b⑧お）

＋（入＋仰陥｝）］／瓦（φ）



Finally, by considering the C出 eof皿 odeconve子

sion and non-mode conversion case separately, we 

shall show that the leading term of the right hand 

side of (3.4) do田 notvanish. To show it, we pro刊

that mn(O，φ）ヂ0αndm33(0，φ）# 0. 

Lemma 4.1. Assume that j(} ＋ φI is different 

from Z巴roand sufjドci巴ntlysmall. Th巴nw巴 ha：悦

m33(0,w) # 0. 

Proof. Let i = 1 (i.e mode』conversioncase). Ac-

cording to (3.5), m33(0，φ） is expressed as follows: 

m33（（｝，φ） 

＝ l似入＋μ）φ1{ 2( ）＋え12亘p1))I

十φ11φ3¥z一戸i33)+ (1ーほ）A（φ）iJi31)}

＋（入＋μ）φ2{2（φ2ffei33) ＋川路l)¥w3¥(1-w~） 

＋臼｜向＼z戸i33 (1一φDA（φ）戸；32)

+ 2（φ3＋え12+ c.山｜）｛μ（φ1ffei31l＋φ2ffei32)) 

＋（入＋勾）え12

＋（φ3＋え22+ C2¥fii21){μj向＼z_(w1ffei31) ＋φ2ffei32)) 

＋川）（1一仰叶／瓦例

＝ l川入＋μ） 一 φ~）｛2(
＋（入 ＋µ）（I 一 φ~）｛2え121φ3\ +A（φ）｝ 

×（φd～φ2ffei32)) 

+ μ¥w3¥{ 2（臼＋え12+ c.仇 1)(1一φ~ ） 

+ C2¥fii2 

＋（入＋2μ)(1-w~）｛2（φ3 ＋え12 + c.仇｜岡山｜

＋αi元i2¥A（φ

By伐12(0，φ）／I元以0，φ）1=(0,0，一1),that is, 

c21ら＝ c11op (p = 1, 2), 

c21φ3 = 01103一｜ゐ12(0，州

18 
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we can express m33 ( （｝，φ）出 afunction in ( 01, 02): 

m33(01,02) = F(01,02)/A（φ（ Oi, 02)), 

where 

F( Oi, 02) 

＝（入＋ µ)c12c?(o~ ＋勾）｜φ3(0)1

×｛2C!2C？（旬＋勾）+ z_ }{1一（何十句）｝

＋（入＋μ)c12c?(BI ＋勾）＼w3(0)I

×｛2~121向（O)I +A（φ（O)) }c11c2ι（0）（符＋勾）

+ μC12C？（符＋勾）｜φ3(0)1

×｛ 2（向（0)＋え12+ C2lnd)C12c?(8i + O~） 

十｛φ3(0)＋え22＋α｜弘121

＋（入＋2μ)c12c?(8i + o. ·~ ） 

×｛ 2（φ3(0) ＋え12＋α｜元121)え12

＋α｜伝12¥A（岬）） }o~ (o) 

= c12c？（好＋ o~）F(Oi, 82). 

Here we note that I 0 ＋φ｜ヂ Ois equivalent to 

( Oi, 02）チ（0,0).In order to show m33(0，φ）ヂ O，比

SU伍cesto show th抗 F( 01, 02) ヲ正 0. Since F(01ん）

is a C00 function near (01,02) = (0,0）叩dln12I = 

c11 + c21, ~12 = c11c2, A（φ（O)) = -c11c2, 

F(O,O) 

= c11c2{ （入＋μ) + μC1c21(1 + c11c2) 

＋（入＋2μ)(3Ci1C2 -1)} 

= c11c2{μC1c21 + 3（入＋2μ)c11c2} > o 

we can obtain that F(01, 02）ヂ0provided jO ＋φ｜ 

is di宜erent企0皿 zeroa且dsufficiently small. 

Thus the proof is completed. 口

Lemma 4.2. Assume that ¥0 ＋φI is different 

from zero and sufficiently small. Then，’we have 

mu(O,w）手0.



Proof. Let i = 2 (i.e non mode conversion case). Ac-

cording to (3.5), m11(0，φ） is expressed as follows: 

mu(O，φ） 

＝ l川入＋μ）仏｛2( ＋叫11））φ

＋｛瓦（φ）-wiz＋｝込13）十 （－w3w1)A（φ）見11)}

＋（入＋μ）φ2{2 （φzfJ~13) + K,12ij~1勾 ）w1w~

＋（一φ2仏）z+.P~13) + （一φ叫1)A（φ）込12)

+ 2（匂＋え12+C.山｜）（μ（φ1.P~ll) ＋叫ロ））

＋（入＋勾）K,12.P~13)

＋（匂＋え22＋α｜匂｜）｛μ｛（瓦（φ）-wiz＋）見11)

＋（－ω仇ぽ｝）

＋山（州1)A（φ）叶／A（φ）

Since，回 theC出 eof back-scattering，φ＝ (0,0, 1) 

and 0 = (0, 0, 1), we C姐 derivethat mu ( 0，φ）＝ 

2μ+0(10＋φ｜）． 

Therefore, by us同 ourassumption that IB ＋φI is 

sufficiently small, we can prove that m33 ( 0, w）ヂ

0. 口

As shown above, we can prove m11 ( 0, w) f= 0阻 d

m33(0，φ）ヂ 0,that is, in each c出 eof mode con-

version and non mode cnversion, we show that the 

leading term of the right-hand side of (3.4) does not 

vanish. Thus the proof is completed. 口
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